In this article, we give a sufficient and necessary condition for the C 2 -cofiniteness of V = (V ⊗ V ) σ for a C 2 -cofinite vertex operator algebra and the 2-cycle permutation σ of V ⊗ V . As an application, we show that the 2-cycle permutation orbifold model of the simple Virasoro vertex operator algebra L(c, 0) of minimal central charge c is C 2 -cofinite.
Introduction
Given a vertex operator algebra V , the tensor product V ⊗k of k-copies of V as a C-vector space canonically has a vertex operator algebra structure (see [FHL] ). Each permutation σ of tensor factors gives rise to an automorphism of V ⊗k of finite order, and the fixed point set (V ⊗k ) σ = {u ∈ V ⊗k | σ(u) = u} becomes a vertex operator subalgebra called a σ-permutation orbifold model. In this article, we consider the 2-transposition σ of V ⊗ V for a C 2 -cofinite vertex operator algebra, and study the C 2 -cofiniteness condition of (V ⊗ V ) σ . We give a sufficient and necessary condition for the C 2 -cofiniteness of the σ-permutation orbifold model, and we show that (L(c, 0)⊗L(c, 0)) σ is C 2 -cofinite for any minimal central charge c = c p,q = 1 − 6 (p−q) 2 pq with coprime integers p, q ≥ 2.
The C 2 -cofiniteness condition requires that V / a (−2) b a, b ∈ V C is finite dimensional, where a (−2) b denotes the −2-product of ordered pair (a, b) for a, b ∈ V . A vertex operator algebra satisfying this condition is called C 2 -cofinite. The C 2 -cofiniteness condition is one of most important properties in the vertex operator algebra theory, and once a vertex operator algebra satisfies this condition, its modules have a lot of remarkable features, for example, modular invariance of (extended) trace functions and the existence of fusion products (see [H] , [M1] - [M4] and references therein). In spite of its importance, a verification of the C 2 -cofiniteness condition is very difficult task in general, and some conjectures for the C 2 -cofiniteness have been remained open yet. One of them is that if V is a C 2 -cofinite simple vertex operator algebra and G is a finite automorphism group, then the fixed point vertex operator subalgebra V G := {a ∈ V | g(a) = a, ∀g ∈ G} is C 2 -cofinite. This conjecture has been checked only for some examples as lattice vertex operator algebras with a certain involution ( [Yam] ), and no definitive idea to prove this conjecture has been found. The permutation orbifold theory has been studied by physicists from about two decades ago (see [KS] , [FKS] , [Ban] ). But the remarkable paper [BDM] seems to be known as a unique paper in which permutation orbifold models are studied from the point of view of the vertex operator algebra theory. The aim of this work is to start the study of structure theory of permutation orbifold models, and especially to show the C 2 -cofiniteness condition is valid for permutation orbifold models of C 2 -cofinite vertex operator algebras. As the very first step, we consider 2-cycle permutation orbifold models of C 2 -cofinite vertex operator algebras. We can not show that arbitrary permutation orbifold model is C 2 -cofinite without any condition except a simpleness and C 2 -cofiniteness of the based vertex operator algebra. But we give a sufficient and necessary condition for this assertion.
Let V be a vertex operator algebra. Then the 2-cycle permutation orbifold model V = (V ⊗ V ) σ is linearly spanned by vectors φ(a, b) = a ⊗ b + b ⊗ a for a, b ∈ V . We then have an identity φ(a (−n) u, v) ≡ −φ(u, a (−n) v) mod C 2 ( V ) (1.1) for a, u, v ∈ V and n ≥ 2, where a (−n) b denotes the −n-product. This identity plays an important roll in our arguments. Suppose that V is C 2 -cofinite and assume that V is strongly generated by a finite set T . Then by using the identity (1.1) and other facts, we can prove that if V is C 2 -cofinite, then the finiteness of the dimension of the subspace φ(a (−n) b, 1) + C 2 ( V ) a, b ∈ T, n > 0 C in V /C 2 ( V ) is equivalent to the C 2 -cofinitenss of V . For the case V is the simple Virasoro vertex operator algebra L(c, 0) of a central charge c, V is strongly generated by the Virasoro vector ω. It is also known that V is C 2 -cofinite if and only if c is a minimal central charge c p,q with relatively prime integers p, q ≥ 2 (see [Ar] for example). Therefore under the assumption that c is a minimal central charge, if the subspace of V /C 2 ( V ) spanned by η(ω (−n) ω) + C 2 ( V ) for n ∈ Z >0 is finite dimensional then V is C 2 -cofinite. We in fact show that φ(ω (−n) ω, 1) ∈ C 2 ( V ) (1.2)
for n ≥ 30 regardless of the central charge c by direct computations. As a result we find that V is C 2 -cofinite in the case c is a minimal central charge. This article is organized as follows. In Section 2 we recall some notions and results from representation theory of vertex operator algebras, and give some identities which are used in the latter sections. In Section 3, we prove (1.1) and some useful lemmas. In Section 4, we give a sufficient and necessary condition for the C 2 -cofiniteness of V when V is C 2 -cofinite. Section 5 is devoted to calculations concerning with the Virasoro vectors. We have some numerical results with the help of a computer and show that (L(c, 0) ⊗ L(c, 0)) σ is C 2 -cofinite for a minimal central charge c. Section 6 is an appendix where we give a list of results of computations which is necessary in Section 5 and show that (1.2) is valid for n ≥ 30.
Acknowledgment: The author would like to thank Professor Masahiko Miyamoto for insightful comments and helpful discussion. He is also thankful Prof. Hiromich Yamada for his encouragement and finding some typo in the first version.
Preliminaries
A vertex operator algebra is a quadruplet (V, · (n) ·, 1, ω) of a Z ≥0 -graded Cvector space V = ∞ d=0 V d , bilinear maps V ×V ∋ (a, b) → a (n) b ∈ V associated to each integer n ∈ Z, and two distinguished vectors 1 ∈ V 0 called the vacuum vector and ω ∈ V 2 called the Virasoro vector. For its axioms, refer [MN] for example. We write down some identities from the axiom of the vertex operator algebras which we need in this article:
Associativity formula:
for a, b, u ∈ V and m, n ∈ Z. Commutativity formula:
for a, b, u ∈ V and m, n ∈ Z. The vacuum vector satisfies that
(2.5)
Through this article, we assume that V is of CFT type, that is, V 0 = C1. We give an identity deduced from the associativity formula.
Lemma 2.1. For a, b, u ∈ V and m, n ∈ Z >0 ,
where
for m, n ∈ Z >0 and i ∈ Z ≥0 .
Proof. By Associativity formula, we have
(2.7)
Since −1+i n−1 = 0 if 1 ≤ i ≤ n − 1, the first summation in the right hand side is equal to
We see that
On the other hand, it follows from
(−1) n−1 that the second summation of the right hand side in (2.7) is equal to
Hence we have the lemma.
We next recall the definition of the C 2 -cofiniteness condition and related results following [Z] . A vertex operator algebra V is called that satisfies the C 2 -cofiniteness condition or C 2 -cofinite if the subspace
is finite codimensional in V . We denote by · : V → V /C 2 (V ) the canonical projection. The quotient space V /C 2 (V ) becomes a Poisson algebra with multiplication and Lie bracket
for a, b ∈ V respectively. In this article we do not use its Lie algebra structure.
A vertex operator algebra V is called strongly generated by a subset T ⊂ V if V is spanned by 1 and vectors of the form a
Proposition 2.2. If V is strongly generated by a set T , then V /C 2 (V ) is generated by T as a commutative associative algebra with unit 1.
Proposition 2.2 can be proved by the facts that for a i ∈ T and n i ∈ Z >0 ,
and a 1 (−n 1 ) · · · a r (−nr) 1 = 0, if some n i > 1. The following theorem is one of the important properties of the subspace C 2 (V ). Theorem 2.3. ( [GN] ) Let V be a vertex operator algebra of CFT type, and S a subset of V such that V = C1 ⊕ S C ⊕ C 2 (V ). Then V is spanned by 1 and vectors of the form a
By Theorem 2.3, any C 2 -cofinite vertex operator algebra has a finite subset T by which V is strongly generated.
3 2-cyclic permutation orbifold models Let V be a vertex operator algebra. Then V ⊗ V becomes a vertex operator algebra with Virasoro vector ω ⊗ 1 + 1 ⊗ ω and vacuum vector 1 ⊗ 1. The n-th product of a ⊗ b and u ⊗ v for a, b, u, v ∈ V , n ∈ Z is given by
We consider a map σ ∈ GL(V ⊗ V ) defined by σ(a ⊗ b) = b ⊗ a for a, b ∈ V . Then we see that σ is an automorphism of V ⊗ V of order 2. Now we set
Then V is a vertex operator subalgebra of V ⊗ V with vacuum vector 1 ⊗ 1 and Virasoro vector ω ⊗ 1 + 1 ⊗ ω. We introduce some notations. For a, b ∈ V , we set
It is clear that φ(a, b) = φ(b, a) for a, b ∈ V and η(a) = φ(a, 1) = φ(1, a).
Lemma 3.1. For any a, u, v ∈ V and n ∈ Z,
Proof. We have
This proves the lemma.
Proof. Substitute u = b, v = 1 and n = −1 in (3.1).
Since V is spanned by Im φ, we have the following proposition.
Proposition 3.3. V is strongly generated by Im η.
Now we consider V /C 2 ( V ). We denote by φ and η the compositions of η and φ with the canonical projection · :
for any a, b ∈ V . In particular one sees that η(L −1 a) = 0. Therefore we have
and η(a (−n) 1) = 0 (3.4)
for a ∈ V and n ≥ 2. The following lemma is an important property of φ.
Proof. By Lemma 3.1,
Thus we have the lemma. Now we show more complicated identities.
Lemma 3.5. For a, b, u ∈ V and n ≥ 2,
By Lemma 3.4, we see that if i > 0, then
Since φ(a, b) (−n) η(u) ∈ C 2 ( V ), we have (3.5).
Therefore we have
for a, b, u ∈ V and n ≥ 2. Finally we show the following.
Proof. Since n − 1 ≥ 2, by using (3.5), one has
Suppose that V is of CFT type and take a subset S of V such that
Then by Theorem 2.3, V is spanned by vectors of the form
By (3.4), if r = 1 and n 1 ≥ 2, then η(v) = 0. Next we consider the case r ≥ 2. Then if m 1 ≥ 3 then φ(x r , w) ∈ Im η by Lemma 3.6. Consequently, we find that for any vector v of the form (3.7) and u ∈ V , φ(v, u) is equivalent to a linear combination of vectors of the form φ(x, y), φ(x, y (−1) z) or φ(x, y (−2) z) for x, y, z ∈ S modulo Im η.
Consequently we have the following lemma.
Lemma 3.7. If V is C 2 -cofinite and of CFT type, then V /Im η) is finite dimensional.
Proof. If V is C 2 -cofinite, then we may have S to be a finite set. Thus (3.8) proves the lemma. Now the following corollary holds.
Corollary 3.8. Let V be a C 2 -cofinite vertex operator algebra of CFT type. If Im η is finite dimensional, then V is C 2 -cofinite.
On the finiteness of dim Im η
In this section we consider the finiteness of dimension of the image Im η and show the following theorem:
Theorem 4.1. Let V be a C 2 -cofinite simple vertex operator algebra of CFT type, and suppose that V is strongly generated by a finite subset
In Theorem 4.1, the "only if" part is clear. Hence it suffices to prove that the following lemma by Corollary 3.8.
Lemma 4.2. Let V and T be as in Theorem 4.1. Then Im η is finite dimensional if η(x (−n) y) x, y ∈ T, n ≥ 1 C is finite dimensional.
We give a proof of Lemma 4.2 at the end of this section. We first recall the standard filtration of a vertex operator algebra (see [GN] or [M1] ). Set
. The following proposition is well known (see [Li] for its proof).
Then Proposition 4.3 shows the following proposition.
Suppose that V is strongly generated by a subset T consisting of homogeneous vectors. By definition, we see that V is spanned by vectors of the form Lemma 4.5. For any a, b, u ∈ V and m, n ≥ 2,
where α m,n:i is a constant defined in (2.6).
Proof. Set
By Lemma 3.4, we see that
since m, n ≥ 2. Now Commutativity formula (2.2) shows the lemma.
. We also find that by Proposition 4.4,
It is clear that
holds. Thus (3.3) shows that
By using this identity for r = 2, we have the following lemma.
Proof. By (4.3), we have η (Φ(a, b) m,n ) = −η (Φ(a, b) m+1,n−1 ) for m ≥ 1 and n ≥ 2. Induction on l > 0 proves (4.4). We can also show that (4.4) is valid if l ≤ 0. If m + n is odd and m + n = 2k + 1 (k ∈ Z), then
We shall start a proof of Lemma 4.2. For simplicity, we set
for any k ∈ Z ≥0 . We also set 
k is finite dimensional by Lemma 4.4 and the assumption of Lemma 4.2. When s > 2, if
modulo U k−1 . Therefore Proposition 4.3 (1) and the argument above show that
From the assumption, B 2 l is finite dimensional for any l. Since T is a finite set and the subspace spanned by η(Φ(
Proof. By definition, for k ≥ 1,
Since A s k is finite dimensional for each s, k, Claim 1 proves the quotient space
Next we show that U k = U k−1 for sufficiently large k if V is C 2 -cofinite. We set κ := max{|x||x ∈ T } and ν := ♯T .
for any s ≥ 1.
, then s > ν + 1. This shows two facts; one is that s ≥ 3 and the other is that there exist 1 ≤ i = j ≤ s such that x i = x j . By Proposition 4.5 (1), we may assume that x 1 = x 2 , say y. We note that m 1 , m 2 , m 3 ≥ 2. If m 1 + m 2 is odd, then by Lemma 4.6,
modulo U k−1 and m 1 + m 2 + 1 is odd. Thus the right hand side is in U k−1 and hence so is the left hand side.
Lemma 4.10. If V is C 2 -cofinite, then there is an integer µ > 0 such that for any k > µ and
Finally we show the following lemma.
Lemma 4.11. U k = U k−1 for sufficiently large integer k.
Proof. By Lemmas 4.9 and 4.10, we see that if k > µ + κ(ν + 1), then A Proof of Theorem 4.1. It follows from Corollary 3.8 and Lemma 4.2.
In this section we find some identities in V /C 2 ( V ) concerning with the Virasoro vector and show that L(c p,q , 0) is C 2 -cofinite for any coprime p, q ≥ 2. In this section we call vectors of the form L m 1 · · · L mr 1 with m i < 0 a monomial type vector of length r.
We set c m,n;i := α m,n:i + α n,m:i for m, n ≥ 1. Then by Lemma 2.1,
By applying η to the both hand sides in (5.2) we can find some identities between η(L −m+2 L −2 ω) and η(L −m ω) in V /(C 2 ( V ) for sufficiently large integer m. To get them, we need more lemmas. First it is clear from (3.3) that
We next have the following lemma by applying Lemma 4.6 to a = b = ω.
As for monomial type vectors of length 3, we have the following two lemmas.
Proof. It follows from the commutation relations of the Virasoro algebra that
by Lemma 3.4. It follows from Lemma 5.1 that
by means of f (m, n, l) given in (5.4). This proves the lemma.
Next we consider the vector η(L −m L −n ω) for m, n ≥ 3. By Lemma 2.1, for m, n ≥ 2, one gets the following identity:
Hence by (5.3), (5.8) and Lemma 5.1 we have
for m, n ≥ 2, where
We also note that
for m, n ≥ 2. Hence if m, n ≥ 3, then (5.9) and Lemma 3.4 give
for m, n ≥ 3. Finally by Lemma 5.1 and (5.11), we see that for m, n ≥ 3,
(5.12)
On the other hand, it also follows from (5.10) that for m ≥ 3,
, and this shows φ(L −m ω, ω) = 0. Thus by (5.9), we have
Therefore by (5.12) and (5.13), we have the following lemma.
Now we return to (5.2). For m, n ≥ 3 and p, q ≥ 2, we have
) and η(w) such that w is a linear combination of monomial type vectors whose lengths are 2 or 3 and wights are s := m + n + p + q. Lemmas 5.1, 5.2 and 5.3 show that η(w) is a linear combination of η(L −s+2 ω) and η(L −s+4 L −2 ω). Therefore we get an identity of the form
for some scalars α, β which are able to be calculated explicitly by using Lemma 5.1, 5.2 and 5.3. Now we take m, n, p, q so that m ≥ 14 and even, n = 13 − 2k, p = 3 + 2k for 0 ≤ k ≤ 2 and q = 2. Then we see that s = m + 18 is an even integer greater than or equal to 32, and
On the other hand by calculating (5.14) again after changing (m, n, p, q) to (m, p, n, q), we find constants
where we note that η(L −13+2k ω) = 0. We also have
Hence by (5.16) and by Lemmas 5.2 and 5.3, we have an another identity
Finally we have an identity
In Appendix, we give the explicit forms of the coefficients ξ k (s, c) and ζ k (s, c) for k = 0, 1, 2, s ≥ 32 and c ∈ C. By means of the explicit forms of ξ k and ζ k for k = 0, 1, 2, we can show the following lemma.
Lemma 5.4. For any even s ≥ 32 and c ∈ C, one of the determinants of matrices
We give a proof of Lemma 5.4 in Appendix. This lemma implies that η(L −s+4 L −2 ω) = η(L −s+2 ω) = 0 for any even integer s ≥ 32 and any central charge c = c V ∈ C. We recall η(L −n ω) = 0 if n is odd. Therefore, we have the following theorem.
Theorem 5.5. Let V be a vertex operator algebra. Then η(L −n ω) = 0 for n ≥ 30. In particular, the subspace η(L −n ω) | n ≥ 2 C is finite dimensional.
As an application of Theorems 4.1 and 5.5, we consider a 2-cyclic permutation orbifold models of the Virasoro vertex operator algebras.
Let V = L(c p,q , 0) be the simple Virasoro vertex operator algebra of central charge c = c p,q for coprime integers p, q ≥ 2. It is well known that V is strongly generated by ω and C 2 -cofinite. Therefore by Theorems 4.1 and 5.5, we have the following theorem.
Theorem 5.6. Let p, q be coprime integers greater than or equal to 2. Then the 2-cyclic permutation orbifold model L(c p,q , 0) is C 2 -cofinite.
Appendix
In this section we give the explicit forms of ξ k (m, c) and ζ k (m, c) for k = 0, 1, 2 and prove Lemma 5.4. We use Mathematica for the computations in this section.
First we give data to compute ξ 0 and ζ 0 . We take (m, n, p, q) = (m, 13, 3, 2) with even integer m. References [Ar] T. Arakawa, A Remark on the C 2 -cofiniteness condition on vertex algebras, arXiv:1004.1492.
[Ban] P. Bantay, Permutation orbifolds, Nuclear Phys. B 633, no. 3, 365-378, (2002 
Abstract
In this article, we give a sufficient and necessary condition for the C 2 -cofiniteness of V = (V ⊗V ) σ for a C 2 -cofinite vertex operator algebra V and the 2-cycle permutation σ of V ⊗ V . As an application, we show that the 2-cycle permutation orbifold model of the simple Virasoro vertex operator algebra L(c, 0) of minimal central charge c is C 2 -cofinite.
Introduction
Given a vertex operator algebra V , the tensor product V ⊗k of k-copies of V as a C-vector space canonically has a vertex operator algebra structure (see [FHL] ). Each permutation σ of tensor factors gives rise to an automorphism of V ⊗k of finite order, and the fixed point set (V ⊗k ) σ = {u ∈ V ⊗k | σ(u) = u} becomes a vertex operator subalgebra called a σ-permutation orbifold model. In this article, we consider the 2-transposition σ of V ⊗ V for a C 2 -cofinite vertex operator algebra V , and study the C 2 -cofiniteness condition of (V ⊗V ) σ . We give a sufficient and necessary condition for the C 2 -cofiniteness of the σ-permutation orbifold model, and we show that (L(c, 0)⊗L(c, 0)) σ is C 2 -cofinite for any minimal central charge c = c p,q = 1 − 6 (p−q) 2 pq with coprime integers p, q ≥ 2.
The C 2 -cofiniteness condition requires that V / a (−2) b a, b ∈ V C is finite dimensional, where a (−2) b denotes the −2-product of ordered pair (a, b) for a, b ∈ V . A vertex operator algebra satisfying this condition is called C 2 -cofinite. The C 2 -cofiniteness condition is one of the most important properties in the vertex operator algebra theory, and once a vertex operator algebra satisfies this condition, its modules have a lot of remarkable features, for example, modular invariance of (extended) trace functions and the existence of fusion products (see [H] , [M1] - [M4] and references therein). In spite of its importance, a verification of the C 2 -cofiniteness condition is a very difficult task in general, and some conjectures for the C 2 -cofiniteness have been still remained open. One of them is that if V is a C 2 -cofinite simple vertex operator algebra and G is a finite automorphism group, then the fixed point vertex operator subalgebra V G := {a ∈ V | g(a) = a, ∀g ∈ G} is C 2 -cofinite. This conjecture has been checked only for some examples such as lattice vertex operator algebras with a certain involution ( [Yam] ), and no definitive idea to prove this conjecture has been found. The permutation orbifold theory has been studied by physicists two decades ago(see [KS] , [FKS] , see also [Ban2] ). Its systematic study has been started with the papers [BHS] for cyclic permutations, and was generalized to the general symmetric group in [Ban1] . The techniques are effectively applied to the study of elliptic genera in terms of the second quantized string theory in [DMVV] and also applied to the study of the kernels of the modular representations in [Ban3] for example. On the other hand, the remarkable paper [BDM] seems to be known as a unique paper in which permutation orbifold models are studied from the point of view of the vertex operator algebra theory. The aim of this article is to start the study of structure theory of permutation orbifold models in the theory of vertex operator algebras, and especially to show the C 2 -cofiniteness condition is valid for permutation orbifold models of C 2 -cofinite vertex operator algebras. As the very first step, we consider 2-cycle permutation orbifold models of C 2 -cofinite vertex operator algebras. We could not show that arbitrary permutation orbifold model is C 2 -cofinite without any condition except a simpleness and C 2 -cofiniteness of the based vertex operator algebra. But we give a sufficient and necessary condition for this assertion.
Let V be a vertex operator algebra. Then the 2-cycle permutation orbifold model V = (V ⊗ V ) σ is linearly spanned by vectors φ(a, b) = a ⊗ b + b ⊗ a for a, b ∈ V . We then have an identity
for a, u, v ∈ V and n ≥ 2, where a (−n) b denotes the −n-product. This identity plays an important role in our arguments. Suppose that V is C 2 -cofinite and assume that V is strongly generated by a finite set T . Then by using the identity (1.1) and other facts, we can prove that if V is C 2 -cofinite, then the finiteness of the dimension of the subspace
For the case V is the simple Virasoro vertex operator algebra L(c, 0) of a central charge c, V is strongly generated by the Virasoro vector ω. It is also known that V is C 2 -cofinite if and only if c is a minimal central charge c p,q with relatively prime integers p, q ≥ 2 (see [Ar] for example). Therefore under the assumption that c is a minimal central charge, if the subspace of V /C 2 ( V ) spanned by φ(ω (−n) ω, 1) + C 2 ( V ) for n ∈ Z >0 is finite dimensional then V is C 2 -cofinite. We in fact show that
for n ≥ 30 regardless of the central charge c by direct computations. As a result we find that V is C 2 -cofinite in the case c is a minimal central charge. This article is organized as follows. In Section 2 we recall some notions and results from representation theory of vertex operator algebras, and give some identities which are used in the later sections. In Section 3, we prove (1.1) and some useful lemmas. In Section 4, we give a sufficient and necessary condition for the C 2 -cofiniteness of V when V is C 2 -cofinite. Section 5 is devoted to calculations concerning with the Virasoro vectors. We have some numerical results with the help of a computer and show that (L(c, 0) ⊗ L(c, 0)) σ is C 2 -cofinite for a minimal central charge c. Section 6 is an appendix where we give a list of results of computations which is necessary in Section 5 and show that (1.2) is valid for n ≥ 30.
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Preliminaries
A vertex operator algebra is a quadruplet (V,
to each integer n ∈ Z, and two distinguished vectors 1 ∈ V 0 called the vacuum vector and ω ∈ V 2 called the Virasoro vector. For its axioms, refer [MN] for example. We write down some identities from the axiom of the vertex operator algebras which we need in this article:
for a, b, u ∈ V and m, n ∈ Z.
The vacuum vector satisfies that a (i) 1 = 0 for i ∈ Z ≥0 , 1 (n) a = δ n,−1 a. As for the Virasoro vector ω, if we set
We next recall the definition of the C 2 -cofiniteness condition and related results following [Z] . A vertex operator algebra V is said to satisfy the C 2 -cofiniteness condition or to be C 2 -cofinite if the subspace
A vertex operator algebra V is called strongly generated by a subset T ⊂ V if V is spanned by 1 and vectors of the form a 1 (−n 1 ) · · · a r (−nr) 1 with r ≥ 1, a i ∈ T and n i ≥ 1.
and a 1 (−n 1 ) · · · a r (−nr) 1 = 0, if some n i > 1. The following theorem is one of the important properties of the subspace C 2 (V ).
Theorem 2.3. ( [GN] ) Let V be a vertex operator algebra of CFT type, and S a subset of V such that V = C1 ⊕ S C ⊕ C 2 (V ). Then V is spanned by 1 and vectors of the form a
In particular we have
Proposition 3.3. V is strongly generated by Im η. Now we consider V /C 2 ( V ). We denote by φ and η the compositions of η and φ with the canonical projection · :
and
By (3.4), if r = 1 and n 1 ≥ 2, then η(v) = 0. Next we consider the case r ≥ 2.
Since n 1 > · · · > n r−1 ≥ 2, for u ∈ V , we have
If n r ≥ 2, then φ(v, u) ∈ Im η by Lemma 3.4. On the other hand in the case n r = 1, we can write x r−1 (−n r−1 ) · · · x 1 (−n 1 ) u as a linear combination of vectors of the form (3.7), say
Then if m 1 ≥ 3 then φ(x r , w) ∈ Im η by Lemma 3.6. Consequently, we find that for any vector v of the form (3.7) and u ∈ V , φ(v, u) is equivalent to a linear combination of vectors of the form φ(x, y), φ(x, y (−1) z) or φ(x, y (−2) z) for x, y, z ∈ S modulo Im η.
Lemma 3.7. If V is C 2 -cofinite and of CFT type, then the quotient space of V /C 2 ( V ) by Im η is finite dimensional.
Proof. If V is C 2 -cofinite, then we may take S to be a finite set. Thus (3.8) proves the lemma. Now the following corollary holds.
On the finiteness of dim Im η
Lemma 4.5 implies that if m, n ≥ 2 then η(a (−m) b (−n) 1) · η(u) is in Im η for any a, b, u ∈ V . We also find that by Proposition 4.4,
Lemma 4.6. For a, b ∈ V , m, n ∈ Z >0 and −m < l < n,
In particular, if m + n is odd, then η (Φ(a, a) m,n ) = 0.
Proof. By (4.3), we have η (Φ(a, b) m,n ) = −η (Φ(a, b) m+1,n−1 ) for m ≥ 1 and n ≥ 2. Induction on l > 0 proves (4.4). We can also show that (4.4) is valid if l ≤ 0. If m + n is odd and m + n = 2k + 1 (k ∈ Z >0 ), then
for any k ∈ Z ≥0 . For s ≥ 1, we set
for k ∈ Z ≥0 and r, s ∈ Z ≥0 with r ≤ s, where Φ( Proof. In the case s = 1, B
Next we consider the case s ≥ 2. If r ≥ 2, then (4.2) shows that
modulo U k−1 . It follows from Lemma 4.6 that
modulo U k−1 . Proposition 4.4 (1) and the argument above show that
From the assumption of Lemma 4.2, B 2;2 l is finite dimensional for any l. We also find that the subspace spanned by η(Φ(x 3 , · · · , x s ) 2,··· ,2,1 r−s ) with
Finally we consider the case r = 1. For m ≥ 3, by (4.3) and Proposition 4.4 (1), we have
This completes the proof of Lemma 4.7.
Lemma 4.8. U k is finite dimensional for any k ≥ 0.
Proof. By definition and Proposition 4.4 (3), for k ≥ 1,
k is finite dimensional, Lemma 4.7 proves the quotient space U k /U k−1 is of finite dimension. Thus U 0 = C1 implies that U k is finite dimensional for all k ∈ Z ≥0 . Now we suppose that V is C 2 -cofinite and show that U k = U k−1 for sufficiently large k. Since V is C 2 -cofinite, there exists p ∈ Z >0 such that
We set κ := max{|x||x ∈ T } and ν := ♯T . One notices that B s,r [x] denotes the maximal integer less than or equal to q for q ∈ Q. Therefore by 4.9, if k ≥ pκ then
Proof. Since k/κ ≥ 5ν +p, by (4.6), we may assume that s ≥ 5ν +p+1 and r ≥ 5ν +1. For such k, s, r we show that the image of v := Φ(x 1 , · · · , x s ) m 1 ,··· ,mr,1 s−r by η is in U k−1 for any x i ∈ T and m i ≥ 2. Since r ≥ 5ν + 1, there are 1 ≤ i 1 < · · · < i 6 ≤ r such that x i 1 = · · · = x i 6 . Thus by Proposition 4.4 (1), we may assume that
6 , say y. The proof of Lemma 4.7 implies that we may also assume that
Suppose that m 1 ≥ 3. Then we have
We consider the case m 1 = 2. In this case, v = y (−2) 6 w with w = Φ(x 7 , · · · , x s ) 2,··· ,2,1 s−r . Then Associativity formula shows that
The images of the last two terms by η are in U k−1 because both of them are congruent to vectors of the form y (−3) y (−2) u for some suitable vectors u modulo F k−1 (V ) and η(
As for the first and second terms, we see that they are congruent to vectors of the form Φ(a, a, b, u) 3,3,3,1 for some suitable vectors a, b, u modulo F k−1 (V ).
Then by using the same argument in the proof of Lemma 4.7, we have η (Φ(a, a, b, u) 3,3,3,1 ) ≡ −η (Φ(a, a, b, u) 3,4,2,1 )
Therefore we have η(v) ∈ U k−1 . Consequently one has B s,r
Finally we have the following lemma.
Proof. By (4.6) and Lemma 4.10, we have In this section we find some identities in V /C 2 ( V ) concerning with the Virasoro vector and show that L(c p,q , 0) is C 2 -cofinite for any coprime p, q ≥ 2. In this section we call vectors of the form L m 1 · · · L mr 1 with m i < 0 a monomial type vector of length r.
By applying η to the both hand sides in (5.2) we shall find some identities between η(L −m+2 L −2 ω) and η(L −m ω) in V /(C 2 ( V ) for sufficiently large integer m. To get them, we need more lemmas. First it is clear from (3.3) that
Since m, n, l ≥ 3, we have
by Lemma 3.4. It follows from Lemma 5.1 that Now we return to (5.2). For m, n ≥ 3 and p, q ≥ 2, we have
By (5.2), the right hand side is a sum of 2η(L −m L −n L −p L −q 1) and η(w) such that w is a linear combination of monomial type vectors whose lengths are 2 or 3 and wights are s := m + n + p + q. Lemmas 5.1-5.3 show that η(w) is a linear combination of η(L −s+2 ω) and η(L −s+4 L −2 ω). Therefore we get an identity of the form
for some scalars α, β which are able to be calculated explicitly by using Lemmas 5.1-5.3. Now we take m, n, p, q so that m ≥ 14 and even, n = 13 − 2k, p = 3 + 2k for 0 ≤ k ≤ 2 and q = 2. Then we see that s = m + 18 is an even integer greater than or equal to 32, and η(L −m L −n 1) · η(L −p L −q 1) is zero by Lemma 5.1. Thus we have constants α k , β k such that
(5.15)
k . In Appendix, we give the explicit forms of the coefficients ξ k (s, c) and ζ k (s, c) for k = 0, 1, 2, s ≥ 32 and c ∈ C. By means of the explicit forms of ξ k and ζ k for k = 0, 1, 2, we can show the following lemma.
Lemma 5.4. For any even s ≥ 32 and c ∈ C, one of the determinants of matrices ξ 0 (s, c) ζ 0 (s, c) ξ 1 (s, c) ζ 1 (s, c) , ξ 1 (s, c) ζ 1 (s, c) ξ 2 (s, c) ζ 2 (s, c) and ξ 2 (s, c) ζ 2 (s, c) ξ 0 (s, c) ζ 0 (s, c) is nonzero.
Appendix
First we give data to compute ξ 0 and ζ 0 . We take (m, n, p, q) = (m, 13, 3, 2) with even integer m. 
